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Abstract. In this work, we establish new rigidity results for the Maslov class 
of Lagrangian submanifolds in large classes of closed and convex symplectic 
manifolds. Our main result establishes upper bounds for the minimal Maslov 
number of displaceable Lagrangian submanifolds which are product manifolds 
whose factors each admit a metric of negative sectional curvature. Such La- 
grangian submanifolds exist in every symplectic manifold of dimension greater 
than six or equal to four. 

The proof utilizes the relations between closed geodesies on the Lagrangian, 
the periodic orbits of geometric Hamiltonian flows supported near the La- 
grangian, and the length minimizing properties of these flows with respect to 
the negative Hofer length functional. 



1. Introduction 

Among the fundamental rigidity phenomena in symplectic topology are restric- 
tions on Lagrangian submanifolds that are undetectable by topological methods. In 
this work we establish such restrictions which are expressible in terms of the Maslov 
class. All the Lagrangian submanifolds we consider are assumed to be connected, 
compact and without boundary. 

The first symplectic restrictions on Lagrangian submanifolds were discovered in 
[Grj , where Gromov proves that there are no exact Lagrangian submanifolds of M^" 
equipped with its standard symplectic form W2n- This result can be rephrased as 
the fact that the symplectic area class 

ui^: ^2(K2",L)^M, 

which is defined by integrating uj2n over smooth representatives, is nontrivial for 
any Lagrangian submanifold L of (R^",ix'2n)- 

Another type of restriction on Lagrangian submanifolds involves the Maslov 
class. Recall that for a Lagrangian submanifold L of a symplectic manifold (M, w), 
the Maslov class is a homomorphism 

that measures the winding of TL in TAl along loops in L0 The minimal Maslov 
number of L is the smallest nonnegative integer Nl such that ^^^^j^^(7r2(M, L)) = 
NlZ. As an application of his proof of the Weinstein conjecture for (R^",a;2n), 
Viterbo established the first restrictions on the Maslov class in the following result. 
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Theorem 1.1. ( ]Vilj j Let L be a closed Lagrangian submanifold of (M.'^'^ , uj2n) ■ If 
L is a torus, then Nl is in [2, n + 1]. If L admits a metric with negative sectional 
curvature then Nl = 2. 

A Lagrangian submanifold L C (M, oj) is called monotone if the symplectic 
area class and the Maslov class are proportional with a nonnegative constant of 
proportionality, i.e., = A /itiasiov f^^' some A > 0. In this case, restrictions on the 
two classes are related and one can relax the assumptions on the intrinsic geome- 
try of L needed in Theorem 11.11 The first rigidity results for the Maslov class of 
monotone Lagrangians were obtained for (K^", uj2n) by Poltcrovich in [Polj . Later, 
in |0h| , Oh introduced a spectral sequence for Lagrangian Floer theory and used it 
to establish similar rigidity results for displaccablc monotone Lagrangian submani- 
folds in more general ambient symplectic manifolds0 Indeed, monotone Lagrangian 
submanifolds are the natural setting for the construction of Lagrangian Floer ho- 
mology. This homology vanishes if the Lagrangian submanifold is displaceable, and 
its grading is determined by the Maslov class. Oh observed that if the Lagrangian 
Floer homology of L C {M,uj) exists, e.g., if Nl > 2, then it can not vanish un- 
less Nl is less than ^ dimM -1- 2. This strategy to obtain rigidity results for the 
Maslov class has been generalized, refined and exploited in many recent works, see 
for example [M El |BC3 |BC51 IFOOOj . 

The primary goal of the present work is to obtain rigidity results for the Maslov 
class away from settings where Lagrangian Floer homology can be used. In particu- 
lar, our assumptions on the symplectic area class and the Maslov class only involve 
their values on tt2{M) rather than tt2{M, L). We also avoid the use of holomorphic 
discs with boundary on the Lagrangian submanifold. Hence, we do not need to man- 
age or avoid codimension one bubbling phenomena. Instead of Lagrangian Floer 
theory, our argument utilizes two results from the study of Hofcr's length functional 
for Hamiltonian paths. The first of these results, due to Sikorav, is the fact that 
the Hamiltonian flow generated by an autonomous Hamiltonian with displaceable 
support, docs not minimize the Hofer length for all time. In particular, Sikorav's 
result implies that the flow of an autonomous Hamiltonian which is supported near 
a displaceable Lagrangian submanifold is, eventually, not length minimizing. The 
second result from Hofer's geometry involves the following theme: if a Hamiltonian 
path is not length minimizing then it has a contractible periodic orbit with ad- 
ditional special properties, see for example jHo2[ IKeli IKL[ ILMcDl IMcDi IMcDSlj . 
Here, we use the version of this phenomena established in [Kelj which states that if 
a Hamiltonian flow is not length minimizing then it has contractible periodic orbits 
with spanning discs such that the corresponding action values and Conley-Zehndcr 
indices lie in certain intervals. By applying these results to rcparametcrizations of 
perturbed cogcodesic flows that are supported near a displaceable Lagrangian sub- 
manifold, we detect nonconstant periodic orbits with spanning discs for which the 
corresponding Conlcy-Zchnder index is ^diniA/. Utilizing an identity which re- 
lates this Conley-Zehnder index to the Morse index of the corresponding perturbed 
geodesic and the Maslov index of the spanning disc, we obtain the rigidity results 
for the Maslov class stated below. 



Note that a symplectic manifold which admits a monotone Lagrangian submanifold is itself 
monotone in the sense of [Fl) . 
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1.1. Statement and discussion of results. Throughout this work, wc will de- 
note our ambient symplectic manifold by (A/, lu) and its dimension will be 2n. 
Lagrangian submanifolds will be denoted by L and will always be assumed to be 
connected, compact and without boundary. 

We will consider symplectic manifolds which are either closed or convex and have 
the following two additional properties. Wc assume that the index of rationality 
of (A/, a;), 

r{M,uj) = inf {lu{A) \ uj{A) > 0} , 

Aeir2(j\/) 

is positive]! Such a manifold is said to be rational. We will also assume that there 
is a (possibly negative) constant v such that ci{A) ~ vu!{A) for every A in tt2{M). 
A symplectic manifold with this property will be called proportional. 

Recall that L is displaceable if there is a Hamiltonian diffeomorphism (p of 
{M,uj) such that 4){L) n L = 0. For example, for any symplectic manifold {M,uj), 
every Lagrangian submanifold of the product {M x ]R^,a; © W2), is displaceable ]j 
A Lagrangian submanifold of a rational symplectic manifold (M, w) is said to be 
easily displaceable if it is displaced by a Hamiltonian diffeomorphism (pj^ that is 
the time one flow of a Hamiltonian H whose Hofcr norm, 

||F|| = / ma.xH(t,p)dt - [ mmH(t,p)dt, 
Jo P^^J Jo peA/ 

is less than r{M,u!)/2. In other words, L is easily displaceable if its displacement 
energy, 

e(i,M,c^)=inf{||i?|| I <^i,(i)nL = 0}, 

H 

is less than r{M,uj)/2. 

If (M, cj) is weakly exact, i.e., a;|7r2(A/) = 0, then the index of rationality is infi- 
nite and the notions of displaceable and easily displaceable Lagrangian submanifolds 
are equivalent. The simplest example of a symplectic manifold which is not weakly 
exact is the two-sphere with an area form. In this case, every Lagrangian submani- 
fold is either monotone and nondisplaccable or is easily displaceable. The following 
example shows that being easily displaceable is actually a stronger condition than 
being displaceable. 

Example 1.2. Let -d be an area form on S'^ with total area equal to one. Consider 
the symplectic manifold 

{W,LJj) = (5*2 X (1 

where aj is an increasing sequence of positive rational numbers which converges to 
an irrational number a. Let i C 5^ be an embedded circle which divides into 
two regions of unequal i?-area. For every j, the Lagrangian submanifold L ~ L x L 
of {W,ujj) is displaceable. We will show that the the indices of rationality r{W,u!j) 
converge to zero, whereas the displacement energy of L in {W,LUj) is uniformly 
bounded away from zero. Hence, for sufficiently large values of j the Lagrangian 
submanifold L C {W,ujj) is displaceable but not easily displaceable. 



Our convention here is that the infimum over the empty set is equal to infinity. 
^Note that if (M, tt)) is compact, then (M X R^,tj ® L02) is convex. This basic example is a 
primary motivation for our consideration of the class of convex symplectic manifolds. 
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For all j we have < r{W,LUj) < aj < a. Passing to a subsequence, if necessary, 
we may therefore assume that limj_,oo ''(W^i^j) exists. Since lOoc := © (1 + a)??, 
and a is irrational, the limit r{W,LOoc) is zero. 

To obtain the uniform lower bound on the displacement energies e{L,W,U!j), 
we use a deep thereom from jChj . Assume that the symplectic manifold {M,uj) 
admits an w-compatible almost complex structure J such that the metric uj{-, J,-) 
is complete. Denote by iS, the space of nonconstant J-holomorphic spheres in M, 
and let V be the set of nonconstant J-holomorphic discs in M with boundary on 
L. The quantities 

?i(A'/, J) = min / u*u! 

and 

h£)( M, L,LU, J) ^ min / v*uj 

are well-defined and positive. In [Ch], Chekanov proves that 

(1) e{L,M,uj) > inm{h{M,uj,J),hD{M,L,LU,J)}. 

Now choose a i9-compatible almost complex structure J on 5^ and set J = J® J. 
Note that J is tjj -compatible for each j and the spaces S and T> do not depend on 
j. Hence, 

lim h{W,ujj, J) = h{W,uj^, J) > 

and 

lim hD{W,L,ujj,J) = hDiW,L,ujoo,J) > 0. 

It then follows from inequality ^ that the displacement energies e{L, M,iUj) are 
bounded uniformly away from zero. 

As in Theorem II. 1[ we need to make some assumptions on the metrics which our 
Lagrangian submanifolds admit. A manifold L is said to be split hyperbolic if it 
is diffeomorphic to a product manifold 

L = Pi X • • • X Pfc, 

such that each of the factors Pj admits a metric with negative sectional curvature. 
Our convention will be to label the factors of L so that dim Pj < dimPj+i. 

Note that the set of split hyperbolic manifolds is strictly larger than the set of 
manifolds which admit metrics of negative sectional curvature. This follows from 
a theorem of Priessmann |Pr| , which states that no (nontrivial) product manifold 
admits a metric of negative sectional curvature. More importantly, Lagrangian 
submanifolds which are both displaccablc and split hyperbolic, are somewhat ubiq- 
uitous. 

Lemma 1.3. There is an (easily) displaceable, split hyperbolic Lagrangian subman- 
ifold in every (rational) symplectic manifold with dimension four or with dimension 
greater than six. 

Proof. The product of a Lagrangian embedding into R^™ and a Lagrangian im- 
mersion into M^" is homotopic to a Lagrangian embedding into M2('"+") (see, |ALj . 
Proposition 1.2.3, page 275). In [Gi], Givental constructs Lagrangian embeddings, 
into M^, of compact nonorientable surface with Euler characteristic equal to zero 
modulo four. The Gromov-Lees Theorem implies that one can find a Lagrangian 
immersion of any hyperbolic three-manifold into (R^,a;6)- By taking products of 



MASLOV CLASS RIGIDITY VIA HOFER'S GEOMETRY 



5 



such examples, it follows that there is a split hyperbolic Lagrangian submanifold of 
(R^", 0^211) for 71 = 2 and all n > 3. The lemma then follows easily from Darboux's 
theorem. □ 

Remark 1.4. In contrast to the split hyperbolic case, there are more subtle obstruc- 
tions to the existence of Lagrangian submanifolds which admit metrics of negative 
sectional curvature. A result of Viterbo states that there can be no such Lagrangian 
submanifold in any uniruled symplectic manifold of dimension greater than or equal 
to six, |Vi3[ IEGH] . Hence, there are no split hyperbolic Lagrangian submanifolds 
of (K^jWg)- It is not known to the authors whether there exists a displaceable 
hyperbolic Lagrangian submanifold in any six-dimensional symplectic manifold. 

We are now in a position to state the main result of the paper. 

Theorem 1.5. Let {M,iu) be a rational and proportional symplectic manifold of 
dimension 2n which is either closed or convex. If L is an easily displaceable La- 
grangian submanifold of {M,uj) which is split hyperbolic, then Nl < n -\- 2. If, in 
addition, L is orientable, then < n + 1. 

More precisely, we prove that if L = Pi x • • • x P^. is (un)orientable, then there 
is an element [w] e 112 {M, L) such that 

dimPi - 1 < AiL=i„v(M) < + 

One can not expect similar bounds to hold for the minimal Maslov number of 
general Lagrangian submanifolds. Consider, for example, the quadric 

M = {[zo, . . . z„+i] C CP"+i \zl + --- + zl = zl+,} , 

which is both rational and proportional when equipped with the symplectic form 
inherited from CP""^^. The real quadric L C A/ is a Lagrangian sphere with 
minimal Maslov number Nl — 2n^ 

On the other hand, for displaceable Lagrangian submanifolds, the bounds in 
Theorem 1 1 . 5 1 are nearly sharp. In particular, in |Pol| . Polterovich constructs exam- 
ples of orientable monotone Lagrangian submanifolds of (R.'^" , uj2n) with minimal 
Maslov number k for every integer k in [2, n]. 

For the special class of displaceable Lagrangians considered in Theorem II. 5[ one 
might expect stronger restrictions on the Maslov class similar to those obtained for 
(M^",ti;2n) in Theorem 11.11 and by Fukaya in |Fu| . Indeed, this is the case if one 
makes further assumptions on {AI,lu). In the sequel to this paper, we will study 
Maslov class rigidity for displaceable Lagrangians in closed symplectic manifolds 
which are symplectically aspherical. In that setting, we will obtain finer rigidity 
statements as well as rigidity statements for a larger classes of Lagrangian subman- 
ifolds which includes Lagrangian tori. 

1.2. Organization. In the next section, we recall the definitions of and basic re- 
sults concerning convex symplectic manifolds, Hamiltonian flows, the Hofer length 
functional, and Sikorav's curve shortening method. In Section 3, we construct and 
study a special Hamiltonian Hl which is supported in a small neighborhood of 
our Lagrangian submanifold L. We then establish a relation between the Conley- 
Zchnder indices of the nonconstant contractiblc periodic orbits of and the 



'The authors are grateful to Paul Biran for pointing this example out to them. 
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Maslov indices of their spanning discs in Section 4. In Section 5, we state a re- 
sult, Theorem 15.11 which relates the length minimizing properties of Hl to its 
periodic orbits. Together with the previous results, this is shown to imply Theorem 
11.51 The proof of Theorem 15.11 is contained in Section 6, and some generalizations 
of our main result are described in Section 7. 

2. Preliminaries 

2.1. Convex symplectic manifolds. A compact symplectic manifold (A/, lj) is 
said to be closed if the boundary of M, dM, is empty. It is called convex if 
dM is nonempty and there is a 1-form a on dM such that da = wjgM and the 
form a A {da)"~^ is a volume form on dM which induces the outward orientation. 
Equivalently, a compact symplectic manifold (M, uj) is convex if there is a vector 
field X defined in a neighborhood of dM which is transverse to dM, outward 
pointing, and satisfies Cxuj = lo. For some eq > 0, the vector field X can be used 
to symplectically identify a neighborhood of dM with the submanifold 

= ail/ X (-60,0], 

equipped with coordinates (x, r) and the symplectic form d(e'^a). We will use the 
notation M^ = dM x (-e, 0] for < e < eq- 

A noncompact symplectic manifold (M, uj) is called convex if there is an exhaust- 
ing sequence of compact convex submanifolds Mj of M, i.e., Afi C M2 C • ■ • C M 
and 

\jMj = M. 

j 

2.2. Hamiltonian flows. A function H € C°°{S^ x AI) will be referred to as a 
Hamiltonian on M. Here, we identify the circle with R/Z and parameterize 
it with the coordinate t € [0, 1]. Set 7/t(-) = iJ(t, ■) and let C(f (S'^ x M) be the 
space of Hamiltonians H such that the support of dHt is compact and does not 
intersect dM for all t e [0,1]. Each H £ Cf^{S^ x M) determines a 1-periodic 
time-dependent Hamiltonian vector field Xh via Hamilton's equation 

ixn^ = -dHt. 

The time-i flow of Xh, (I^h^ is defined for aU t € [0, 1] (in fact, for aU t e M). The 
group of Hamiltonian diffeomorphisms of (M, uj) is the set of time-1 flows obtained 
in this manner, 

Ham{M,uj) = {0 = | i? G C^{S^ x M)}. 

Remark 2.1. In this work, we are only concerned with compact Lagrangian sub- 
manifolds which are displaceable by Hamiltonian diffeomorphisms. By definition, 
Hamiltonian diffeomorphisms are trivial away from a compact set. Hence, it suffices 
for us to prove Theorem 11.51 for closed symplectic manifolds and compact convex 
symplectic manifolds. In particular, the noncompact convex case can be reduced 
to the compact convex case by restricting attention to some element Mj of an 
exhausting sequence for M, for sufficiently large j. 

In the case of a compact convex symplectic manifold we will also consider Hamil- 
tonian flows which are nontrivial near dAI but which are still deflned for all t G R. 
A function / G C°°{AI) is said to be admissible if for some e in (0,eo] we have 

(2) /|„.(rE,r) =ae-^ + 6. 
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where a and b are arbitrary constants and a < 0. 

A Hamiltonian H G C°°{S^ x M) is called pre-admissible if for some e in (0, eg] 
we have 

(3) i/|sixj,/,(i,a;,T) = ae"^ + 

where a is again a negative constant and b{t) is a smooth 1-periodic function. We 
will refer to a as the slope of H. The prescribed behavior of H on implies that 
its Hamiltonian flow is defined for all t e R. In particular, consider the Reeb vector 
field R on dM which is defined uniquely by the following conditions; 

uj{R{x),v{x)) = and lj{X{x),R{x)) = 1 

for all X e dM and v £ T^^dM. If H has the form ^ on M^, then 

XH{t,x,T) = ~~aR{x) for aU {t,x,T) e 5^ x M^, 

and so the level sets {r = constant} in are preserved by 

Let Tr by the minimum period of the closed orbits of R. We say that a pre- 
admissible Hamiltonian H is admissible if its slope a satisfies —a < Tr. If (M, cu) is 
closed, then the space of admissible functions on M is simply C°°(M) and the space 
of admissible Hamiltonians is C°°{S^ x M). For simplicity, in either the closed or 
convex case, we will denote the space of admissible Hamiltonians by C°°{S^ x M). 

For any Hamiltonian flow defined for t G [0, 1], we will denote the set of 
contractible 1-periodic orbits of H by V{H). Note that if (M, w) is compact and 
convex and H is in Cjf (5^ x M) or in C°°{S'^ x M), then the elements of V{H) 
are contained in the complement of for some e G (0, eo]. 

An element x{t) G 'P(iJ) is said to be nondegenerate if the linearized time-1 flow 
d(l)^ : Tj,(o)M — > rj.(o)M does not have one as an eigenvalue. If every element of 
V{H) is nondegenerate we will call H a Floer Hamiltonian. 

2.3. The Hofer length functional and Sikorav curve-shortening. Following 
[Hol| . the Hofer length of a Hamiltonian path is defined to be 

length(0^) = \\H\\ 

max Ht dt — / min Ht dt 

M Jq M 

= \\H\\+ + \\H\\-. 

When M is compact, then a Hamiltonian H in C^{S'^ x M) or C'°°(5'i x M) is 
normalized if 

JM 

for every i in [0, 1]. If the generating Hamiltonian H is normalized, then the quan- 
tities and provide different measures of the length of 0^ called the 
positive and negative Hofer lengths, respectively. 

For a path of Hamiltonian diffeomorphisms ijjt with ipQ = id, let [ipt] be the class 
of Hamiltonian paths which are homotopic to ^Jt relative to its endpoints. Denote 
the set of normalized Hamiltonians which lie in C^{S^ x M) and generate the 
paths in [-0^] by 

C^m) = {He C^{S' X M) I / Ht c." = 0, [0*,] = [Vt]}. 

Jm 
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p^m) = ^ inf {||i?||±}. 



The Hofer semi-norm of [ipt] is then defined by 

p{[M) = inf {\\H\\}. 

i/GCo-([Vt]) 

The positive and negative flofer semi-norms of [^t] are defined similarly as 
Note, that if 

then 0^ fails to minimize the (positive/negative) Hofer length in its homotopy 
class. 

The displacement energy of a subset U C {M, lo) is the quantity 

e{U,M,Lu) = mf{p{[^t]) | V-o = id and nI7 = 0}, 

■4't 

where U denotes the closure of U. The following result relates the negative Hofer 
semi-norm and the displacement energy. It is a direct application of Sikorav's 
curve shortening technique and the reader is referred to Lemma 4.2 of [Ke2j for the 
entirely similar proof of the analogous result for the positive Hofer semi-norm. 

Proposition 2.2. Let H G C^{S^ x M) he a time-independent normalized Hamil- 
tonian that is constant and equal to its maximum value on the complement of an 
open set U C M. If U has finite displacement energy and > 2e{U), then 

\\H\\->p-i[^'H]) + l\\Hr- 

In other words, the Hamiltonian path c/)^ does not minimize the negative Hofer 
length in its homotopy class. 

3. A SPECIAL Hamiltonian flow near L 

In this section we construct a special Hamiltonian iJ^ whose Hamiltonian flow 
is supported in a tubular neighborhood of L. The nonconstant contactible periodic 
orbits of this flow project to perturbed geodesies on L. As well, the Hamiltonian 
path fails to minimize the negative Hofer length in its homotopy class. 

3.1. Perturbed geodesic flows. We begin by recalling some relevant facts about 
geodesic flows on L. For now, we assume only that L is a closed manifold without 
boundary. Let g he a, Riemannian metric on L, and consider the energy functional 
of g which is defined on the space of smooth loops C°°{S^,L), by 



2 



The critical points of £g, Crit(i?c,), are the closed geodesies of g with period equal 
to one. The closed geodesies of g with any positive period T > correspond to the 
1-periodic orbits of the metric ^g, and are thus the critical points of the functional 

The Hessian of £g at a critical point q{t) will be denoted by IIess{£g)q. As is 
well known, the space on which Hess{£g)q is negative definite is finite-dimensional. 
It's dimension is, by definition, the Morse index of q and will be denoted here by 
1^10130(9). The kernel of Hess{£g)q is also finite-dimensional, and is always nontrivial 
unless L is a point. 
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A submanifold D C C°°{S^, L) which consists of critical points of £g is said to be 
Morse-Bott nondegenerate if the dimension of the kernel of Hess{£g)q is equal to the 
dimension of D for every q E D. An example of such a manifold is the set of constant 
geodesies of any metric on L. This is a Morse-Bott nondegenerate submanifold 
which is diffeomorphic to L. The energy functional £g is said to be Morse-Bott 
if all the 1-periodic geodesies are contained in Morse-Bott nondegenerate critical 
submanifolds of Eg. Note that if £g is Morse-Bott, then so is £^g for any T > 0. 

Example 3.1. If is a metric with negative sectional curvature, then the non- 
constant 1-periodic geodesies occur in Morse-Bott nondegenerate S'^-families. In 
particular, the unparameterized geodesies of g are isolated. The Morse index of 
every 1-periodic geodesic is zero. 

Example 3.2. Let L = Pi x • • • x P^- be a split hyperbolic manifold as defined in 
Section ll.il Let gj be a metric on P, with negative sectional curvature and set 



The nonconstant 1-periodic geodesies of g occur in Morse-Bott nondegenerate crit- 
ical submanifolds whose dimension is no greater than 1 + dim P2 + . . . dim Pk . The 
Morse index of these closed geodesies is again zero. 

3.1.1. Potential Perturbations. It will be useful for us to perturb a Morse-Bott 
energy functional £g so that the critical points of the resulting functional are non- 
degenerate. We restrict ourselves to perturbations of the following classical form 



Jo \^ / 

where the function V : 5^ x L — > R is assumed to be smooth. The critical points of 
£gy are solutions of the equation 



where Vt denotes covariant differentiation in the g-direction with respect to the 
Levi-Civita connection of g, and VgV is the gradient vector field of V with respect 
to g. We refer to solutions of ^ as perturbed geodesies. 

Theorem 3.3. |We) There is dense set Vregig) C C°°{S^ x L) such that for V G 
Vregig) the Critical points of £gy are nondegenerate. 

When a Morse-Bott functional £g is perturbed, the critical submanifolds break 
apart into critical points. For a small perturbation V it is possible to relate each 
critical point of £gy to a specific critical submanifold of £g, and to relate their 
indices. Here is the precise statement. 

Lemma 3.4. Let £g be Morse-Bott and let Crit''(£'g) = Uj^^Dj be the (finite, 
disjoint) union of all critical submanifolds of £g with energy less than a. Let e > 
be small enough so that the e-neighborhoods of the Dj in C°°{S^,L) are disjoint. 
If V Vregig) Sufficiently small, then each nondegenerate critical point q{t) of 
£g.v , with action less than a, lies in the e-neighborhood of exactly one component 
Dj ofCTit"{£g). Moreover, 



9 = 9i-\ \-9k- 




(4) 



Vtq + VgV{t,q)^0 
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Proof. For a proper Morse-Bott function on a finite-dimensional manifold the proof 
of the lemma is elementary and requires only the generalized Morse Lemma which 
yields a normal form for a function near a Morsc-Bott nondegenerate critical sub- 
manifold. As we now describe, the present case is essentially identical to the finite- 
dimensional one. Let £g be the extension of £g to the space A^(S'^, M) of loops in 
L of Sobolev class W^'^. This space of loops is a Hilbert manifold and the critical 
point sets Crit(£g) and Crit(fg) coincide, as do the corresponding Morse indices. 
Let (J be a critical point of £g which belongs to a critical submanifold D. By the 
Morsc-Bott assumption, the nullity of Hess{Eg)q, is equal to the dimension of D. 
Moreover, the only possible accumulation point for the eigenvalues of Hess{£g)q is 
one, [Kl| Theorem 2.4.2. Hence, there arc only finitely many negative eigenvalues 
and the positive eigenvalues are uniformly bounded away from zero. Using the gen- 
eralized Morse Lemma for Hilbert manifolds from [Mej . see also |Klj Lemma 2.4.7., 
the result then follows exactly as in the finite-dimensional case. □ 

3.2. Hamiltonian geodesic flows. Consider the cotangent bundle of L, T*L, 
equipped with the symplectic structure d9 where 9 is the canonical Liouville 1- 
form. We will denote points in T*L by {q,p) where q is in M and p belongs to T*L. 
In these local coordinates, 9 = pdq and so d9 = dp A dq. 

The metric g on L induces a bundle isomorphism between TL and the cotangent 
bundle T*L and hence a cometric on T*L. Let Kg : T*L — > R be the function 
Kg{q,p) = The Legendre transform yields a bijection between the critical 

points of the perturbed energy functional £g y and the critical points of the action 
functional 



The critical points of Ak +v arc the 1-periodic orbits of the Hamiltonian Kg + V on 
T*L. If x{t) = {q{t),p{t)) belongs to V{Kg + V), then its projection to L is a closed 
1-pcriodic solution of (j4|) with initial velocity q{Q) determined by g{q{0), •) ~p{Q). 
Moreover, x{t) is nondegenerate if and only if q{t) is nondegenerate. 

3.3. A perturbed geodesic flow supported near L. We now assume that L 
is a Lagrangian submanifold of (M, w) as in the statement of Theorem 11.51 In 
particular, L is easily displaceable and split hyperbolic. We equip L with the 
metric g from Example 13.21 and remind the reader that the energy functional for 
this metric is Morse-Bott. 

Consider a neighborhood of the zero section in T*L of the following type 



By Weinstein's neighborhood theorem, for sufficiently small r > 0, there is a neigh- 
borhood of L in {M,uj) which is symplectomorphic to Ur- We only consider values 
of r for which this holds, and will henceforth identify Ur with a neighborhood of L 
in (M,Lu). For a subinterval / C [0,r), we will use the notation 



Proposition 3.5. For sufficiently small r > 0, there is a normalized and admissible 
Hamiltonian : 5^ x A/ ^ M with the following properties: 



defined by 




Ur = {{q,p) e T*L I Ibll < r}. 



Ui^{{q,p) G Ur I \\p\\el}. 
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(HI) The constant l-periodic orbits correspond to the critical 
points of an admissible Morse function F on M . Near these points 
the Hamiltonian flows of Hj^ and cqF are identical for some arbi- 
trarily small constant cq > 0; 

(H2) The nonconstant l-periodic orbits of are nondegenerate 
and contained in C/(r/5+(5,2r/5-5) UC/(3r/5+5,4r/5-(5) for some < (5 < 
r/5. Each such orbit projects to a nondegenerate closed perturbed 
geodesic q{i). Moreover, if T is the period of q, then q can be 
associated to exactly one critical submanifold D of £xg and 

Imo..o(9) e [lMaUD),lM.UD) + diin{D)]; 

(H3) There is a point Q ^ L <Z M which is the unique local mini- 
mum of Hi^{t, ■) for all t G [0, 1]. Moreover, 

(5) WH^- = - f H^{t,Q)dt>2e{Ur); 

Jo 

(H4) The Hofer norm of Hj^ satisfies 

(6) 2e{Ur) <\\H^\\<r{M,u;). 

Proof. The construction of is elementary but somewhat involved. We divide 
the process into four steps. Some of the constituents of which are defined in 
these steps will be referred to in later sections. 

Step 1: A geodesic flow supported near L. 

Let 1/ — v{A, B, C, r) : [0, +cx)) — > M be a smooth function with the following 
properties 

• ly = -A on [0, r/5]; 

• iy',iy" > on (r/5,2r/5); 

• ly' = C on [2r/5,3r/5]; 

• i^' > and ly" < on (3r/5,4r/5); 

• V = B on [4r/5, +oo). 

Define the function Ki, on T*L by 



Ky{q,p) 




if {q,p) is in Ur, 
otherwise. 



Since L is easily displaceable, for sufficiently small r > we have 

e{Ur) < r{M,uj)/2. 

Choose the constant A, so that 

(7) 2e{Ur) < A<r{M,uj). 

Restricting r again, if necessary, we can choose the constant B so that 

Vol(A/ \ Ur) 

For these choices of r, A and B, we can construct v, as above, so that K^, is 
normalized and satisfies 

(8) 2e(C/,) < IIA',11 <r(Af,a;). 
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We may also choose the positive constant C so that it is not the length of any 
closed geodesic of g. 

The Hainiltonian flow of Ki, is trivial in both J/^/s and the complement of U^^^/b- 
Hence, each nonconstant 1-periodic orbit x{t) = {q(t),p{t)) of K^, is contained in 

U(r/5Ar/5) whcrC 

Our choice of C implies that all nonconstant orbits of K^, occur on the level sets 
contained in C/(r/5,2r/5) or J7(3r/5.4r/5)7 where v is convex or concave, respectively. 
In fact, these nonconstant orbits lie in 

U(r/b+&,2r/5-S) U C^(3r/5+i5.4r/5-<5) 

for some r/5 > (5 > 0. This follows from the fact that dK^ equals zero along the 

boundary of C/(r/5,2r/5) U C/(3r/5,4r/5)- 

Step 2: A Morse function isolating L. 

Let Fq : a/ R be an admissible Morse-Bott function with the following prop- 
erties: 

• The submanifold L is a critical submanifold with index equal to 0. 

• On Urj we have Fq = /o(||p||) for some increasing function /q: [0,r] — > M 
which is strictly convex on [0, 2r/5), linear on [2r/5,3r/5], and strictly 
concave on (3r/5,r]. 

• All critical submanifolds other than L arc isolated nondcgenerate critical 
points with strictly positive Morse indices. 

Such a function is easily constructed by starting with the square of the distance 
function from L with respect to a metric which coincides, in the normal directions, 
with the cometric of g inside Ur- This distance function can then be deformed 
within Ur to obtain the first and second properties above. Perturbing the resulting 
function away from Ur, one can ensure that it is Morse there. Then performing 
some elementary handle slides and cancelations away from Ur, as in [Mi| . one can 
get rid of all other local minima. 

Let Fl : L M. he a Morse function with a unique local minimum at a point 
Q in L. Choose a bump function a: [0, -l-cxo) — > M such that a{s) = — 1 for s near 
zero and a{s) = for s > r/5. Let a = be the corresponding function on 

M with support in ?7, /5 said set 

F = Fo + eL-a-FL. 

For a sufficiently small choice of > 0, F is a Morse function whose critical points 
away from Ur/^ agree with those of Fq and whose critical points in C/^/s ^re precisely 
the critical points of Fl on L C M (see, for example, |BH| page 87). 

Step 3: Pre-perturbation. 

For Co > 0, consider the function 



Ho = + coF. 
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By construction, we have 

{-A + CqF OnUr/5, 

(t^ + Cofo)i\\p\\) on U[r/5Ar/5], 

B + cqF elsewhere. 

From this expression it is clear that each ifp is a Morse function with Crit(i7o) = 
Crit(F). As well, Q is the unique local minimum of Hq. Moreover, when cq is 
sufhciently small, the nonconstant 1-pcriodic orbits of Hq, like those of K^, are 
contained in 

U(r/5+5,2r/5-S) U t^(3r/5+i5,4r/5-i5) 

for some r/5 > (5 > 0. 

Step 4: Perturbation of i/o- 

The function Hq has properties (HI), (H3) and (H4). To obtain a function with 
property (H3) we must perturb iJo so that the 1-pcriodic orbits of the resulting 
Hamiltonian arc nondcgencratc. 

Let NP be a critical submanifold of Aho which is contained in the level set \\p\\ = 
p. Denote the projection of to L by DP . Then DP is a Morse-Bott nondegencrate 
set of periodic geodesies with period {{v' + co/o)(p))~^. Alternatively, DP can be 
viewed as a collection of 1-periodic geodesies of the metric {v' + cofQ){p)g. We will 
adopt this latter point of view. 

There are finitely many critical submanifolds of Ahq ■ We label the submanifolds 
of 1-periodic closed geodesies which appear as their projections by 

{D'Z \j^l,...£}. 

Theorem 13. 3| implies that the set of potentials 

n Vregiil^' + Cofo){Pj)9) 
j=l,...,i 

is dense in C°°{S^ x L). We can choose a y in this set which is arbitrarily small with 
respect to the C°°-metric. By Lemma [3.41 the projection, q{t), of each 1-pcriodic 
orbit x{t) of v{Kg + V) is then nondcgencratc and lies arbitrarily close to (within 
a fixed distance of ) exactly one of the Dj' and satisfies 

Imo„o (g) e [Imo,.c (^f ) , Imo,.c {d"/ ) + dim(z?f )] . 

Given such aVwc define Vb : 5^ x Af ^ M so that 

V{t,q) , in C/(2r/5-l-5,3r/5-<5) 

, on the complement of f/(2r/5.3r/5)- 

Clearly, the function Vq, like V itself, can be chosen to be arbitrarily small. We 
then define Hj^ by 



Vo 



H^it,q,p) 



{l^ + Co/o) [\/^\\p¥ + yo(.t,q,p)^ for {q,p) in C/(2r/5,3r/5)> 

Ho{q,p) otherwise. 



This function has properties (HI) - (H4) as desired. It only remains to normalize 
Hl. Adding the function 
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to Hi^ we get a normalized Hamiltonian. Since is a small perturbation of Ki,, 
this new Hamiltonian still has properties (HI) - (H4). For simplicity, we still 
denote it by H,^. 

□ 

3.4. Additional properties of H,^. Let H be Floer Hamiltonian. A spanning 
disc for a 1-periodic orbit x in V{H) is a smooth map w: C C ^ M such that 
iii(e^'^**) = x{t). The action of x with respect to w is defined as 

Ah{x,w) ^ I H{t,x{t))dt - I w*uj. 

A spanning disc also determines a homotopy class of trivializations of x*TM and 
hence a Conley-Zehnder index ^cz{x,w). This index is described in i i4.2.2l We 
only mention here that it is normalized so that for a critical point p of a C^-small 
Morse function, and the constant spanning disc Wp{z) = p, we have 

fJ-Cz{P,Wp) = idimA/ - iMorsob). 

The following result provides a simple criterion for recognizing nonconstant pe- 
riodic orbits of the Hamiltonian on (Af^", constructed in Proposition [331 

Lemma 3.6. If x is a contractible 1-periodic orbit of which admits a spanning 
disc w such that — < ^^fj^(x,i(;) < and /icz(a;,i«) = n, then x is 

nonconstant. 

Proof. Arguing by contradiction, we assume that x{t) = P for some point P in M. 
The spanning disc w then represents an element [w] in 7r2(A/), and we have 

AhAx,w)= f H^{t,P)dt~Lu{[w]). 
Jo 

By property (HI), the point P corresponds to a critical point of F and the Hamil- 
tonian flow of iJj, and cqF are identical near P. The normalization of the Conley- 
Zehnder index then yields 

(9) Mcz(a;, w):^n- iMa.^P) + 2ci([w;]). 

If = 0, then the proportionality of {M,lu) implies that Ci{[w]) = 00 It 

then follows from ^ that the Morse index of P must be zero. This implies that 
P = Q, since Q is the unique fixed local minimum of H^^. However, the action of 
Q with respect to a spanning disc w with = is equal to — This is 

outside the assumed action range and hence a contradiction. 

We must therefore have 7^ and thus, by the definition of r(A/, w) and 

property (H4) 

\u;{[w])\>r{M,u;) > \\HS 

liLo{[w]) > 0, then 

AhAx,w) < [ H4t,P)dt-\\H4 
Jo 

= f H4t,P)dt-\\H4+ -WH^- 
Jo 



''This is the only point where we use the assumption that (M, ui) is proportional. 
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which is again outside the assumed action range. 
For the remaining case, < 0, we have 

AhA^,^)> f H,{t,P)dt+\\H,\\= f H,{t,P)dt+\\H,\\+ + \\HJ-. 
Jo Jo 

Hence, either Ahl{Pj^) > oi P ~ Q. Both of these conclusions again 

contradict our hypotheses, and so x must be nonconstant. 

□ 

Periodic orbits meeting the previous criteria will be detected using the techniques 
developed in [Kelj to study length minimizing Hamiltonian paths. The following 
intermediate result will be crucial in applying these methods. 

Lemma 3.7. There is a normalized admissible Hamiltonian Gl on M such that 

(1) the admissible Hamiltonian path (j)^ is homotopic to i/)^ relative its end 
points; 

(2) ||G,||- < \\Hl\\-. 

Proof. First we note that inequality ^ and Proposition 12.21 together imply that 
the path t/)^ does not minimize the negative Hofer length in its homotopy class. 
Hence, there is a normalized Hamiltonian G,y in C^{[(f)*j^ ]) such that 

(10) iiA'.ir > iiG,ir + 2C 

for some ( > 0. 

Now consider the Hamiltonian flow o (0^ which is generated by the 
Hamiltonian 

By construction, is arbitrarily close to in the G°°-topology. Hence, is 
also arbitrarily close to zero in the C°°-topology. 
The Hamiltonian flow 

(11) 0k°(<^k)"'°'^G. 

is generated by the normalized Hamitlonian 



F) ■ 

Since F^ = —B near the boundary of M and Gy belongs to G^{S^ x Af), we see 
that Gl is also admissible. The flow of Gl is homotopic to 4)^^^ via the homotopy 
of admissible Hamiltonian flows 

S^(j)'HL°i4'\KX^°4>lG^- 

Finally, by choosing \\Hl — Ky\\c=° to be sufficiently small, we have 

\\Gl\\- < \\FA- + \\G4- 

< iiF„ir + ii/i,ir-2c 

< \\Hl\\--c 

□ 
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4. Index relations 

Let X he a 1-pcriodic orbit of with spanning disc w. In this section we es- 
tablish an identity, (pij) , which relates the Conley-Zehnder index of x with respect 
to w, the Maslov index of w, and the Morse index of the perturbed geodesic deter- 
mined by X. For a spht hyperbohc Lagrangian submanifold L, this identity yields 
crucial bounds for the Maslov index of w which depend on the dimensions of the 
factors of L and the Conley-Zehnder index of x with respect to w. The results 
presented in this section arc not new. but we were unable to find a reference for all 
of them which was suitable for our purposes. 

4.1. Basic indices. There are two classical versions of the Maslov index in sym- 
plectic linear algebra (see, for example, [McDSal] ). The first of these indices is 
defined for continuous loops in A2„, the set of Lagrangian subspaces of (M^",a;2n)- 
We denote this index by /^Maaiov As noted by Arnold in |Arj . it can be defined as an 
intersection number. We now recall the generalization of this interpretation from 
[RS] . 

Let ?/: be a loop of Lagrangian subspaces and let V G A2„ be a fixed 

reference space. One calls to € a. crossing of -q (with respect to V) if ij{to) and 
V intersect nontrivially. At a crossing to, one can define a crossing form Q{to) on 
i]{to) n as follows. Let W G A2„ be transverse to 77(^0)- For each v in rj{to) H V 
wc define, for t near to, the path w{t) in W by 

V + w{t) G r]{t). 

We then set 

Q{ta){v) = ^^ L0{v,w{t)). 

at t=to 

The crossing to is said to be regular if Q(<o) is nondegenerate. If all the crossings 
of 77 are regular then they are isolated and the Maslov index is defined by 

(12) Mm.=iov(7?; V)=Y, signiQit)), 

where sign denotes the signature and the sum is over all crossings. This integer is 
independent of the choice of V (as well as the choices of W at each crossing). 

The second classical Maslov index is defined for continuous loops j: ^ Sp{2n) 
where Sp{2n) is the group of 2n x 2n real matrices which preserve L02n- We denote 
this integer by m{j) and refer the reader to [McDSal] for its definition. We note 
that it is related to the Maslov index for loops of Lagrangian subspaces in the 
following way. Recall that the graph of a matrix A € Sp{2n), Ta, is a Lagarangian 
subspace of the product 'R^'^ = M^" x M^" equipped with the symplectic form 
<^2n X {—'-^2n)- To a loop "f(t) in Sp(2n) one can then associate a loop of Lagrangian 
subspaces ^^{t) in K*"- In this case, 

(13) 2to(7) = /^Ma3lov(r^)- 

One can also define a Maslov-type index for certain paths in Sp{2n). This was 
first defined by Conlcy and Zchnder in [CZ| . Let Sp*{2n) be the subset of Sp{2n) 
which consists of matrices which do not have one as an eigenvalue. Set 

Sp(2n) = {$ G C°([0, 1], Sp{2n)) \ $(0) = id, $(1) G Sp*{2n)] . 

The Conley-Zehnder index associates an integer, /Xcz($), to any path <I> in Sp(2n). 
It can be defined axiomatically, and the relevant axioms for the present work are: 
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Homotopy Invariance: The index ^cz is constant on the components of 
Sp(2n); 

Loop Property: If 7 G Sp(2n) satisfies 7(0) = 7(1), then 
/icz(7 o *) = 2m(7) + i^iczi^) 

for every $ G Sp(2n); 
Normalization: Tlie Conley-Zehnder index of the path e*'^' in Sp(2) is oneQ 

4.2. Nonlinear versions of the basic indices. Tlic basic indices described above 
can be used to define useful indices in a variety of nonhnear settings. We recall 
three such examples which will be used in the proof of Theorem 11.51 

4.2.1. The Maslov class of a Lagrangian submanifold. We begin with the defini- 
tion of the Maslov class, A^Masiov- ^2(A/, i) — > Z, of a Lagrangian submanifold L 
of {M,u!). Any continuous representative w: {D^,dD^) {M,L) of a class in 
7r2(Af, i) determines a symplectic trivialization of q*{TM) = q*{TT*L), where 
q{t) = u;(e2'^**). Let 

X ^ q*(TT*L). 

be such a trivialization. Recall that the verical subbundle Vert of T{T*L) is a La- 
grangian subbundle. The trivialization <l>u, then yields a loop r/^, (i) = ^w{t)~'^{Vert{q{t)) 
of Lagrangian subspaces of R^". One then defined 

4.2.2. Contractible periodic orbits of Hamiltonian flows. One can also define a 
Conley-Zehnder index for the contractible nondegenerate periodic orbits of a gen- 
eral Hamiltonian flow. Let H he a. Hamiltonian on (Af, tj) and let x: ^ M be 
a contractible and nondegenerate 1-periodic orbit of Xh- A spanning disc for x, 
w: M, determines a symplectic trivialization 

X ^ x*{TM). 

The Conley-Zehnder index of x with respect to w is then defined by 

Hcz{x,w) = /icz {^w{ty^ o {d4'*H)x{0) o 'J'ii.lO)) 

By the homotopy invariance property of the Conley-Zehnder index, ficzix,w) 
depends only on the homotopy class of the spanning disc w, relative its boundary. 
Changing this homotopy class by gluing a representative of the class A e tt2{M) to 
the map if, in the obvious way, has the following effect 

fj-czix, A^u) = iicz{x, u) + 2ci{A). 

The normalization of /icz implies that if p is a critical point of a C^-small Morse 
function H , and Wp{D^) = p is the constant spanning disc, then 

/^cz(p, Wp) dim M - lMor=o(p)- 
This fact was used in the proof of Lemma 13.61 



^This normalization differs by a minus sign from the one used in |Kel| . 
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4.2.3. Closed perturbed geodesies. Finally, we recall the definition of a Conley- 
Zehnder index associated to closed orbits of perturbed geodesic flows. Consider 
a Hamiltonian H : x T*L R of the form 

H{t,q,p)^^\\p\\^ + V{t,q), 

and let x{t) = {q{t),p{t)) be a nondegenerate 1-periodic orbit of H. Recall from 
Section [3. II that the projection q{t) is a perturbed geodesic, i.e., a critical point of 
the energy functional 

^sii)-/^ (l\\mr+vit,qit))'^ dt. 

As such, q has a finite Morse index, iMoracl?) which is the number of negative 
eigenvalues of the Hessian of £g at q, counted with multiplicity. 

To define an index of Conley-Zehnder type for x, one does not use a symplectic 
trivialization of x*{T*L) determined by a spanning disc. Instead, as we describe 
below, one uses an intrinsic class of trivializations which are determined by a global 
Lagrangian splitting of TT*L. This yields a Conley-Zehnder index for both con- 
tractible and noncontractible orbits in T*L which we will refer to as the internal 
Conley-Zehnder and will denote by /x"^- 

For any point x ~ (q^p) G T*L, the Levi-Civita connection for the metric g 
determines a splitting 

T^{T*L) = Hor{x) © Vert{x) 
into horizontal and vertical subbundles. The vertical bundle Vertix) is a La- 
grangian subbundle and is canonically isomorphic to T*L. The horizontal bundle 
Hor{x) is canonically isomorphic to TgL and is also Lagrangian, [Kl| . Hence we can 
identify x*{TT*L) with q*{TL) © q*{T*L). Note that while the symplectic vector 
bundle x*{TT*L) is always trivial, the factors q*{TL) and q*{T*L) need not be. 

If q*(TL) is trivial, for example if L is orientable, then a trivialization ip: x 
M" q*(TL) determines a trivialization ^ of T^(t)T* L = Tqi^t)L®T*^^-^L as follows. 

The internal Conley-Zehnder index of x is then defined by 

= Mcz(*(i)-^ ° (rf0*i/).(O) ° *(0)) 

This index docs not depend on the choice of the trivialization t/i (see Lemma 1.3 of 
[AS]). 

When q*{TL) is nontrivial, we proceed as in |Wej . Consider a map i/': [0, 1] x 
R" q*{TL) such that 

(14) i^(l) = V'(0)oi?i, 

where Ei : R" R" is the diagonal nxn matrix with diagonal (— 1,1,...,1). Equip 
R" X R" with coordinates (xi, . . . , a;„, j/i, . . . , ?/„), and extend ip to & symplectic 
trivialization 

: X R" X R" ^ Tg(t)L © T*(t)L 
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where U{t) is the rotation of the xij/i-plane in M" x M" by —tw radians. Again, we 
set 

and note that this index is also independent of the choice of the initial trivialization 
tp satisfying (fT4| . 

4.3. Relations between indices. The first relation we discuss is between the 
internal Conley-Zehnder index of a nondegenerate 1-periodic orbit x{t) = {q{t),p{t)) 
of the Hamiltonian = + g) on {T*L,d9), and the Morse index of 

the closed perturbed geodesic q{t). The following result was proven by Duistermaat 
in |Duj . An alternative proof, as well as the extension to the nonorientable case, is 
contained in [We| . 

Theorem 4.1. [Du[ IWej Let x{t) = {q{t),p{t)) be a nondegenerate 1-periodic orbit 
of H{t,q,p) = \ \\pf + V{t,q). Ifq*{TL) is trivial then 

(15) A*'c"z(a;)=lMo..(g). 
Otherwise, 

(16) ^l^^ix) = iMo„.(g) - 1. 

By construction, each nonconstant 1-periodic orbit x of is also a reparam- 
eterization of a closed orbit of a Hamiltonian on T*L of the form H{t,q,p) = 
+ V{t,q). Hence, one can associate to x an internal Conley-Zehnder in- 
dex as well as a Morse index for its projection to L. Recall that x lies either in 
U(r/5+s,2r/5-S) whcre u is convex, or J7(3r/5+5,4r/5-(S) where ly is concave. In the 
latter case, the identities above must be shifted in the following way. 

Corollary 4.2. If x{t) ~ (q{t),p{t)) is a 1-periodic orbit of Hj^ in U(r/z+S,2r/5-S)j 
then equations p5|) and (jl6p hold. If x is contained in t/(3r/5+5.4r/5-(5) > then we 
have 

(17) 

if q*{TL) is trivial, and 
(18) 

otherwise. 

Proof. A proof of the shift in the concave case is contained in Proposition 2.1 of 
(Th] . □ 

Suppose that x G 1^(11 is contractible in M and it; is a spanning disc for 
X. One can then define ficz{x,w) as well as fi'-^^{x). Moreover, w determines a 
unique class in ■K2{M,L) and hence a Maslov index A'Maaiov(M)- These indices are 
related by the following identity which was first established by Vitcrbo in |Vil| for 
{M,uj) = {R^'^,ui2n)- We include a (different) proof, in the general case, for the 
sake of completeness. 

Proposition 4.3. Let x(t) = {q{t),p(t)) be a nonconstant 1-periodic orbit of H^^. 
Then for any spanning disc w of x we have 

Hcz{x,w) = lJ-cz{x) nl,,,^,^{[w]). 



/x-'(a:)=lM„„3(g)-l. 
/x|?*(x)=lMo™(g)-2 
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Proof. Let 

X ^ x*{TT*L) 
be a trivialization determined by the spanning disc w. Let 

S'l X ^ q*{TT*L). 
be a trivialization of the type necessary to compute fi'^^(x). That is, 

/ij;'*(.T) = Mcz(*W-' ° W^).(o) ° *(o)). 

We may assume that 

$(0) = *(0). 

Using the loop property of the Conley-Zelmdcr index and identity p3p . we get 

Hcz{.x,w) = picz($«,(0~^ ° (c^</'if)x(0) ° 'J'i«(0)) 

= /^cz($«,(t)~' o o o (d0*^),(o) o ^-(0) o *(0)-i o $,„(0)) 

= A*cz($«, o ^'(t) o m{t)-^ o (d0*^),(o) o ^-(0)) 



,int 

cz 



(x)+2m($^(i)-io«'(t)) 



— /^™z(2^) + MMaalov(r$^(t)-lo*(t))- 

Since /^Masiov(*&tu(i)~"^(V^e?'^((z(0)) = A^Masiovd""^])) it remains to prove that 

Choose Vb = {0} x R" C M^" and note that for the trivialization ^ we have 
\I'(i)(Vo) = Vert{q{t)). Hence, it suffices to show that 

(19) MMa=l„v(r<E.„(t)-lo*(t)) = /^Ma.lov($i^ ^ ^^(Vb)). 

Using the recipe for the Maslov index described in ij4.2.1l we will verify by 
proving that 

AiMa=iov(r<i,„(t)-io*(t); Vo X Vo) =AiMa=iov(*t„(i)"^ °*W(i^o);Vb). 

By homotoping the trivializations and if necessary, we may assume that 
all of the relevant crossings are regular. Note that t is a crossing of r$^^(j)-io*(t) 
with respect to Vb x Vb if 

(v, o*(t)(«))eFoxK, 

for some nonzero v e R^". Similarly, t is a crossing of o ^'(t)(Vb) with 

respect to Vb if there is some nonzero w G Vb such that 

<^.^{tr^o^i>(t){v)^Vo. 

Hence, the crossing are identical. 

It remains to show that at each crossing the signatures of the relevant crossing 
forms are equal. For simplicity we fix a crossing to and set H(t) = $(u(t)^^ o'^[t). 
We also choose a v G Vb such that H(to)(w) is in Vb- 

Fix a Lagrangian complement of Vb- The first crossing form evaluated at 
(w,H(io)w) is 

Q(to)(w,n(io)w) = -W2n©W2„ ((i;,H(to)w),w(io)) 
where ^{t) is a path in PV x W defined by the condition 

(20) {v, n{to)v) + Qit) = iv{t),mHt)) 
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for some path v{t) in R^" with f (0) = v. From ([20]) we get 

Similarly, the second crossing form at to, when evaluated at n(to)w, yields 
Qitom{to)v) =. t^2„(n(to)v, wiO))- 
Here, w(t) is a path in W defined, for t near zero, by the condition 

Il{to)v + w{t) ^Il{t)v{t), 
and v{t) is now a path in Vq. In this case 

Q{ta)(n{to)v) = W2„(n(io)v,n(<o)w) + '^2„(n(to)v,n(to)w(o)) 
= Lj2n{'nito)v,ti{to)v) 

since both n(to)w and n(to)'y(0) belong to the Lagrangian subspace n(io)(Vo). 
Clearly, the isomorphism of domains {v,Il{to)v) i-^ n(to)w takes the first crossing 
form to the second and so they have the same signature, as desired. □ 

4.4. Cumulative bounds on the Maslov class. Let x{t) = {q{t),p{t)) be a 
nonconstant 1-periodic orbit of H^, and let w be a spanning disc for x. Using 
the relations above, we now obtain bounds on MMasiovdH)- By CoroUarv 14.21 and 
Proposition 14. 31 we have 

where the first (+1) contributes only if q*TM is not orientable and the second (+1) 
contributes if x is contained in ?7(3r/5+5,4r/5-(5)- 

Applying Lemma [33] to Example l3.2l we see that q is a closed perturbed geodesic 
whose Morse index satisfies 

(21) lMo„o(g) e [0, 1 + dim P2 + --- + dim Pk]. 
Overall, we then have 

Proposition 4.4. Let x{t) — (g(t),p(t)) be a contractible 1-periodic orbits of 
and let w be a spanning disc for x. Then 

k 

(22) fic.ix,w) - 1 - ^dimP, < aC„iov(M) < /icz(x,H(+l)(+l), 

where the first (+1) contributes only ifq*TM is not orientable and the second (+1) 
contributes if x is contained in [/(3r/5+5,4r/5-5)- 

5. HAMILTONIAN paths which are not length MINIMIZING AND THE PROOF 

OF Theorem 11.51 

Theorem 11.51 follows from the index inequalities of Proposition 14. 41 and the fact, 
established in Lemma 13.71 that Hi does not minimize the negative Hofer length 
functional. The missing ingredient, which we describe in this section and prove in 
the next, is a theorem which relates the failure of an admissible Hamiltonian path 
to minimize the negative Hofer length to its 1-periodic orbits. 

Let J' be the space of smooth compatible almost complex structures on (M, w). 
When (M, uj) is compact and convex, we say that J £ ^7 is admissible if 

(Jl) uj{X{x), J{x)v) = for all x G dM and v S T^dM; 



22 



ELY KERMAN AND NIL 1. §IRIKgi 



(J2) uj{X{x), J{x)X{x)) = 1 for all x £ dM; 
(J3) CxJ = on Afe for some e > 0. 

If (A/, oj) is closed then every J e JT" is admissible. In either case, the space of 
admissible almost complex structures will be denoted by J^. 

For J in J', let h{J) be the infimum over the symplectic areas of nonconstant 
J-holomorphic spheres in AI . Set 

h = sup h{J). 
JeJ 

The constant h is strictly positive and is greater than or equal to r{M,u;). 

Theorem 5.1. Let (M, w) be a symplectic manifold of dimension 2n which is either 
closed or compact and convex. Let H be an admissible Floer Hamiltonian on M , 
such that \\H\\ < h. If (ff^ does not minimize the negative Hofer seminorm in its 
homotopy class, then there is a 1-periodic orbit x of H which admits a spanning 
disc w such that 

ficzix, w) = n 

and 

-\\H\\- <A„{x,w)<\\H\\ + . 

When (M, to) is closed, this result follows immediately from the main theorem of 
jKelj . In the next section, we present the proof for the case when (M, cu) is convex. 
This proof also works in the closed case but yields weaker results than those in 
[Kil] . 

5.1. Proof of Theorem 11.51 assuming Theorem 15.11 Before proving Theorem 
we first show that it implies Theorem II .51 In Lemma 13.71 we proved that 0//^ 
does not minimize the negative Hofer length in its homotopy class. By construction, 
we also have 

\\H^\\ <r{M,Lu)<h. 

Hence, Theorem 15.11 implies that there is a 1-periodic orbit x of H,^ which admits 
a spanning disc w such that 

fjLczix,w) = n 

and 

-\\HJ- <Ah{x,w) < \\H4 + . 

It follows from Lemma [3.61 that x must be nonconstant. By Proposition 14.41 the 
Maslov index of the class [w] then satisfies 

(23) dimPi - 1 < A*L.ov(N) < 

The lower bound dim Pi — 1 is greater than zero since the dimension of Pi must be 
at least two in order for it to admit a metric of negative sectional curvature. The 
upper bound is at most n + 1 if L is orientable and at most n + 2 otherwise. Hence, 
inequality (^5)) implies the desired bounds on Nl- 

6. Proof of Theorem 15.11 

In this section wc prove Theorem 15.11 under the assumption that (M,lu) is com- 
pact and convex. 
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6.1. Overview. Let f:M — > M be a Morse function on M which is admissible 
in the sense of Section 12.21 Fix a metric h on M so that the Morse complex 
(CM*(/),9/i) is well-defined. Here, CM*(/) is the vector space over Z2 which 
is generated by the critical points of / and is graded by the Morse index. The 
boundary map dh is defined by counting solutions of the negative gradient equation 

(24) 7 = -V^/(7). 

More precisely, dh, counts, modulo two, the elements of the spaces 

m(p, q)/R := {7: R ^ A/ I 7 = -Vhfh),li~^) - P, = q}/^, 

where p and q are critical points of / with iMorac(p) = lMor3o(9) + 1, and R acts by 
translation on the argument of 7. The homology of the Morse complex is indepen- 
dent of both the admissible Morse function / and the metric h, and is isomorphic 
to H^A'/, dM : Z2). 

For a Floer Hamiltonian H we will define a chain map 

<!>: CM(/)^CM(/) 

which counts rigid configurations that consist of solutions of (|24p and perturbed 
holomorphic cylinders which are asymptotic at one end to elements of V{H). If 
||ff|| < h, then one can prove that $ is chain homotopic to the identity. The 
fact that the Morse homology is Z2 will then yield an element x € 'P{H) which 
contributes to one of the configurations counted by This will be the desired 
periodic orbit of H . In particular, if the path <^|f does not minimize the negative 
Hofer length in its homotopy class, then this orbit will admit a spanning disc with 
respect to which its Conley-Zehnder index is equal to ^ dim M, and its action 
satisfies the required bounds. 

In the next five sections we recall the relevant Floer theoretic tools following the 
presentation of [Kel| . The proof of Theorem 15.11 is then contained in Section 16.71 

6.2. Homotopy triples and curvature. Let Js^ be the space of smooth S^- 
families of admissible almost complex structures in J . A smooth R-family of 
Hamiltonians Fg in C°°(5^ x M) or elements in Jgi will be called a compact 
homotopy from F" to if there is an 77 > such that 

for s < — ?7 ; 
for s > T] . 

A compact homotopy Hg of Hamiltonians with = is called admissible if for 
some some e > and all s > — we have 

(25) Hg\si^MSt,x,T) ^ ais)e-' + b{s,t) 
with 

a{s) < 

and 

ds 

Fix an admissible Floer Hamiltonian H and an admissible family of almost com- 
plex structures J in J51 . A homotopy triple for the pair {H, J) is a collection of 
compact homotopies 

n = {Hs,Kg,jg), 

such that 



F, = 
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• Hs is an admissible compact homotopy from the zero function to H; 

• Ks is a compact homotopy of Hamiltonians in C^{S^ x M) from the zero 
function to itself; 

• Js is a compact homotopy in Jgi from some to J. 

The curvature of the homotopy triple Ti. — {Hs, K^, Jg) is the function k{H) : M x 
51 X i\/ ^ M defined by 

K{n) = dsHs - dtKs + {Hs,Ks]. 
The positive and negative norms of the curvature are, respectively, 



and 



|k(H)|||+ = / m&yiK{'H){s,t,p) dsdt, 



Ill'^WIir = - / minK('H)(s,i,p) dsdt. 



6.3. Floer caps. Given a homotopy triple Ti. = {Hs, Ks, Js) for {H, J), we consider 
smooth maps w: R x S*^ — > Af, which satisfy the equation 

(26) dsu - XkA^) + Js{u){dtu - XhA^^)) = 0. 

The energy of a solution m of ([26]) is defined as 



E{u) ^ / w(w)(9s" - -'^Ke(w), - XK,(w))j 

, then 

u(+oo) := lim w(s,t) = x(t) e 7'(iJ) 



dsdt. 

IxSi 

If this energy is finite, then 



and 

u{~oo) := lim u{s,t)=p£M, 

S — ' — oo 

where the convergence is in C°°{S^, M) and the point p in AI is identified with the 
constant map t t—^ p. This asymptotic behavior implies that if a solution u of (j26[) 
has finite energy, then it determines an asymptotic spanning disc for the 1-periodic 
orbit u{+oo) = x. More precisely, for sufficiently large s > 0, one can complete 
and reparameterize it|[_s to be a spanning disc for a; in a homotopy class which 
is independent of s. 

The set of left Floer caps of x G P{H) with respect to Ti is 

£{x;n) = {ue C°°{R X S^,M) \ u satisfies ^ , E{u) < oo, u{+oo) = x} . 

For each u £ C{x; H.) we define the action of x with respect to u by 

Ah{x,u)= I H{t,x{t))dt- [ u*uo. 

A straight forward computation yields 

(27) < E{u) = ~Ah{x,u) + K{n){s,t,u{s,t))dsdt. 

jRxSi 

Each left Floer cap u £ C{x; Ti) also determines a unique homotopy class of trivi- 
alizations of x*{T*M) and hence a Conley-Zehnder index ficz{x,u). 
For any function of the form F{s,-), we set 

F{s,-)^F{-s,-). 
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Given a homotopy triple Ti. = {Hs^ Ks, Js), we will also consider maps v: M. x S-^ ^ 
M which satisfy the equation 

(28) dsV + X^^ (v) + X{v) [dtv - X^^ (v)) = 0. 

In this way, we obtain for each x G 'P{H) the space of right Floer caps, 

7^(x;7^) = {ve C°°(M x S^,M) \ v satisfies (EH]), E{v) < oo, v{-oo) = x} . 

Every right Floer cap v G TZ{x; Ti.) also determines an asymptotic spanning disc 
for X, 

V(s, t) = v{~s, t). 
The action of x with respect to V is defined as 

^a(x,V)== / H{t,x{t))dt- [ V*w, 



and it satisfies the inequality 



(29) < E{v) ^ Ah{x,v) + K{n)is,t,v{s,t))dsdt. 

The Conley-Zehnder index of x with respect to V is denoted by ficz{x, V). 

6.4. Cap data and compactness. For the starting data {H, J), we will choose a 
pair of homotopy triples 

H = [Hl-.'Hb). 

This will be referred to as our cap data. The norm of the curvature of H is defined 
to be 



\K{n)\\\ = \\\K{HR)\\\- + ^71 



1 + 



We will use H to define three classes of perturbed holomorphic cylinders. Two 
of these classes are the left Floer caps with respect to Hl, C{x,T-Ll), and the right 
Floer caps with respect to T-Lr, TZ{x,Hr). These are used to construct the map 
(f>. The third class of perturbed holomorphic cylinders that we consider are called 
Floer spheres. These are defined in Section \6M where they are used to construct 
the desired chain homotopy between $ and the identity map. For each of the 
three classes of perturbed holomorphic cylinders there are three possible sources 
of noncompactness. We need to avoid two of these sources, and in this section we 
describe how this is accomplished. 

The first source of noncompactness to be avoided is the possibility that a se- 
quence of curves can approach the boundary of M. This possibility has already 
been precluded by the admissibilty conditions on Hl and Hr. Consider the case 
of left Floer caps. For Hl = {Hs,Ks, Js), we note that the admissibility conditions 
on Hg and Jg, and the fact that Kg belongs to C§°{S^ x M) for all s G M, imply 
that for some e > equation ((26|) restricts to x as 

(30) dsu + Js{u){dtu + a{s)R{u)) ^0. 

Here, each Jg satisfies conditions (J1)-(J3). The function a{s) is determined by 
Hg; as in (|25p . and so we have a(s) < and ^ < 0. If T: Me ^ R is the function 
T(r, x) = and u is a solution of (|30p . then a straight forward computation yields 

A(r o u) = uj{dgU, J{u)dsu) ~ ^(-^ ° 
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(see, [Vi2| or Theorem 2.1 of [FS| ). Since the right hand side is nonnegative, the 
Strong Maximum Principle imphes that if T o u attains its maximum then it is 
constant. |GT| . Hence, no left Floer cap u S C{x;T-Cl) enters and no sequence 
of left Floer caps can approach dAI. The arguments for right Floer caps and the 
Floer spheres defined in Section [6. 6i are entirely similar and are left to the reader. 

The other source of noncompactness that we wish to avoid is bubbling. To 
achieve this we will exploit the following fact; the energy of the Floer caps and Floor 
spheres that we consider is bounded above by |||«;(H)|||. Using the assumption from 
Theorem 15.11 that < h wc will construct cap data H for which we have the 
curvature bound 

(31) |||k(H)||| < ||i7|| <i 

As we now describe, this condition allows us to avoid bubbling by simply restricting 
our choices of the almost complex structures which appear as part of the cap data 
H. 

The following result is a simple consequence of Gromov's compactness theorem 
for holomorphic curves. 

Lemma 6.1. /^ |Kel| ) For every 5 > there is a nonempty open subset C 
j/(Af , lS) such that for every J G we have h{J)>h^S. 

Since |ji7|| < h, we can set 

e ^-||g|l 

and let J^" be an open set in J' as described in Lemma [01 We will assume from 
now on that the almost complex structures which appear in the families in H all 
belong to JT'^^ . This implies that any that any bubble which forms from a sequence 
of Floer spheres, must be a J-holomorphic sphere w: ^ M for some J e J^" . 
Inequality (|3H) implies that for this J we have 

hiJ)>h-l(h-\\H\\)>\\\K(n)\\\- 

As mentioned above, the energy of our Floer spheres is bounded above by |||k(H)|||. 
This implies that the energy of the bubble w is less than |||k(H)||| and hence h{J). 
By the definitnion of h{J), the bubble w must therefore be trivial. Thus, if H 
satisfies ([5T|) and if the families of almost complex structures appearing H take 
values in , then no bubbling occurs for sequences of Floer caps or Floer spheres 
that are defined using H. 

We also note, that since is open we can achieve transversality for our spaces 
of Floer caps and Floer spheres , which can therefore be assumed to be manifolds 
of the expected dimensions, |FHS| . 

6.5. Specific cap data. We now specify cap data H ~ (Hli W_r) for {H, J), where 
J takes values in and H is a Hamiltonain as in Theorem 15. 1[ i.e., ||iJ|| < h 
and 0^ does not minimize the negative Hofer length in its homotopy class. This 
cap data will satisfy the curvature bound (PTjl . It will be assumed throughout, that 
the families of almost complex structures appearing in H take values in . 

Let &: K — » [0, 1] be a smooth nondecreasing function such that b{s) ~ for 
s < — 1 and b{s) = 1 for s > 1. Let TIl be a linear homotopy of the form 

Hl = (6(s)i/,0, J^,J. 
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For this choice, k{Hl) — P'{s)H and wc have 

(32) 111.^(7^^)111+ = + . 

Fix an admissible Hamiltonian G such that 4>q is homotopic to 0^, relative its 
endpoints, and ||G||^ < Note that H and G have the same slope, oq, because 

they generate the same time one map and are admissible. 

We now use the Hamiltonian G to construct Tin- We start with a linear homo- 
topy triple for G of the form 

g = {b{s)G,Q,Js). 

Let Fs be the normalized Hamiltonian which generates the Hamiltonian flow 0^ o 
('?^6(s)_f/)~^ ° '^b(s)G' ^ straightforward computation shows that the slope of Fg does 
not depend on s. Set 



for s < -1; 

b{s)G for -1 < s < 1; 

F,_2, for 1 < s < 3; 

H, for s > 3. 



This is an admissible compact homotopy from the zero function to H. In particular, 
we have 

— (s) = 6(s)ao<0, 

where again ag is the common slope of G and H. 

Let gt = cj)^H o ((/)^)-^ The map T: C^iS^.M) G'=^{S^,M) defined by 

(33) T{x{t)) = gt{x{t)). 

takes contractible loops to contractible loops and hence T{V{G)) = V{H). Now 
consider the family of contractible Hamiltonian loops 

For each value of s, Qs,t is a loop based at the identity, and 

{id, for s < 1; 

4>F, ,°(0g)"'. forl<s<3; 
</)*,o(0*j)-i, for,s>3. 

From Qs^t we obtain the family of normalized Hamiltonians, As G Gl^{S^ x Af), 
defined by 

dsigs.tip)) = XAA9s,tip))- 

Set 

Hr - (Hs^KsJh.s) = iHs,As,dgs,t o Jsod{g-l)). 

It is easy to verify that Tiji is a homotopy triple for {H, J) where J = Qt°J^ °d,{g^^) 
and J+ = linis^oo Js- It also follows from Proposition 2.7 of [Kel| that 

(34) \MnH)\\\^^\Mg)\\\^. 

The following result is proved as Propositions 2.6 in [Kelj . 
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Proposition 6.2. The map T defined on TZ{x;Q) by T{v{s,t)) = g-s,tiv{s,t)), is 
a bijection onto TZ{T[x);'Hii) for every x £ 'P{G). and 



Hczix, V) = Hcz{T{x), T{v)) 

and 

Ag{x,'W) = AH{r{x),f^)). 
The curvature identity (pi)) yields 



6(s)(niin G{t,p)) ds dt 
x5i peM 



IIGII 



Hence, by ([32]) we have 

|||«(H)||| = \Mni.)\\\'' + \Mnn)\\\- 

= \\H\\+ + \\Gr 

< \\H\\ 

< h. 

6.6. The map Let H = {TCl,'Hr) be the cap data for {H,J) constructed in 
the previous section. For each critical point p of f we consider the following two 
spaces of half-trajectories of the negative gradient equation ((24|) : 

£{p) = {a: (-00,0] M \ a ^ -V,,/(a), a(-oo) = p} 

and 

r{p) = {f3 : [0, +CX3) ^ M I /3 = - V,/(/3), /3(+cx)) = p} . 
Let J\f{p, X, q; /, H) be the set of tuples 

(a, u, V, (3) e i{p) X C{x] Ul) x 7^(x; Hb) x r{q) 

such that 

a(0) = u(— oo), 
w(+oo) = /3(0) 

and 

= 0. 

It follows from |PSS| that for generic choices of the families of almost complex 
structures appearing in H, the dimension of N{p, x, q- /, H) is lMor3c(p) — ^Mav„o{q)- 
The map $: CM*(/) CM*(/), is then defined by setting the coefficient of q 
in the image of p to be the number of elements, modulo two, of the set 

y A/-(p,x,g;/,H). 

To show that $ is well-defined, we must verify that the zero-dimensional spaces 
Af{p, a;, q; /, H) are compact. The only possible source of noncompactness arc bub- 
bles which appear on the Floer caps of the configurations in A/'(p, x, g; /, H). To 
avoid this, we only need to show that for each tuple (a, m, /?) in A/'(p, x, r; /, H), 
both u and have energy less than or equal to |||k(H)|||. Then, as described in 
Section [631 our choice of almost complex structures in H precludes such bubbling. 
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Equations ^ and ([29]) imply that 

< E{u) < -Ah{x,u) + |||k(Hl)||| + 

and 

0<E{v)<AH{x,'^)~\\\K{nR)\\\-. 

Since = 0, wc have Ah{x, u) = Ah{x, V) and 

E{u) < -Ah{x,'v) + \MHl)\\\ + 

< \MnR)\\\- + \MHL)\\\+ 
= \Mm\\- 

A similar computation implies that E{v) < |||k(H)|||, and so $ is well-defined. 

Proposition 6.3. The map $: CM(/) CM(/) is chain homotopic to the iden- 
tity. 

Proof. The specific cap data, H = {'Hl,'Hr), is used to construct a homotopy of 
homotopy triples = {H^, K^, J^) for A £ [0, +00). The desired chain homotopy 
is then defined using maps w in C°°(M x 5*^, M) which satisfy the equation 

(35) dsw ~ Xj^x{w) + .J^{w){dtw - X^a(w)) = 0. 

To define we introduce the notation H = Ti.{s) = {Hg, Kg, Jg) to emphasize 
the s-depcndence of Ti. Set 



^1^^^ _ |Hl(s + 3) when s < 0, 
I 'Hr{s — 3) when s > 0. 



For A G [1, +00), we then define 

= + whens<0, 

\Hr{s~C{\)) whens>0, 

where C(A) is a smooth nondecreasing function which equals A for A 1 and is 
equal to 3 for A near 1. Finally, for A G [0, 1] we set 

n\s)^{D{\)HlD(X)KlJ^) 

for a smooth nondecreasing function D : [0, 1] [0, 1] which equals zero near A = 
and equals one near A = 1. The compact homotopies are chosen so that they 
equal for A near zero and equal Jl for A near one. 

The fact that Jg takes values in J^" implies the same for the families with 
A > 1. For A G [0, 1), we choose the families so that they also take values in 

The following properties of TC" are easily verified: 

(1) For each A G [0,+oo), is an admissible compact homotopy from the 
zero function to itself. 

(2) For each A G [0, -l-c>o), is a compact homotopy in C^{S^ x M) from the 
zero function to itself. 

(3) There is an e > such that equation ((35|) restricts to x Af^ as 

(36) dgw + J^{w){dtw + a(A, s)R{w)) = 0, 

where a(A, s) is determined by H^\m, and satisfies a(A, s) < and ^ < 0. 

(4) |||«;(H^)|||+=D(A)|||k(H)||| foraUAG [0,+cx)). 
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Solutions of (|35|) are perturbed holomorphic cylinders which are asymptotic, at 
both ends, to points in M. In particular, since the perturbations are compact, each 
w can be uniquely completed to a perturbed holomorphic sphere. We define the 
space of Floer spheres for H as 

/:7^(H) = {{X,w) e [0,+cx)) X C°°(R X S\M) \ w satisfies ([331), M = e n2{M)} . 

Invoking again the Strong Maximum Principle, the third property of Ti.^, listed 
above, implies that the distance between the images of the maps w in CTZ{H) and 
the boundary of M is bounded away from zero buy a positive constant which is 
independent of A. 

For every (A, w) G CTZ(H.), we also have the uniform energy bound 

E{X,w) = / uj (^dsW — Xj^x{w), J^{dsW — Xj^x(w))) ds dt 



lu{Xhx{w), dgw) ~ Lu{Xxx(w), dtw) + lu{Xj^x{w), XHx{w))j ds 
n{Ti^){s,t,w)dsdt 



xSi 



< \\\K{n 

= ^(A)|||«(H 

< h. 



As described in Section 16.41 this allows us to rule out the possibility of bubbling 
for sequences in CRiii). 

For a pair of critical points p and q of /, we define Afx{p, q) by 

|(a, (A,io),/3) e £{p) X Cn{Tl) x r{q) \ a{0) = w{-oo), w{+oo) = /?(0)| 

For generic data, M\{p, q) is a manifold of dimension iMorEic(p) — lMor3c(9) + 1, [PSSj . 
We define the map x- CM*(/) CM*+i(/) by setting 

Xip)^ #2(A6^(P,9))9 

Mcz(9)=Mcz(p) + l 

where 7^2 (A/a (p, (7)) is the number of components in the compact zero-dimensional 
manifold Af\(jj,q), modulo two. To prove that x is the desired chain homotopy, 
it suffices to show that for every pair of critical points p and r, of /, such that 
iMorsc (p) = Iiviorao , thc cocfficient of r in 

(37) {id-<P + xodh + dhOx){p) 

is zero. 

Consider the compactification 77 \ {p, r) of the one dimensional moduli space 
Aa(p, r). Since the elements of M\{p^r) can not approach the boundary of M 
and we have precluded bubbling, it follows from Floer's gluing and compactness 
theorems that the boundary of A/'a (p, r) can be identified with the union of the 
following zero-dimensional manifolds: 

(i) m(p,r), 

(ii) UxeP(m-^(P'3;,r;/,H), 
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(iii) U^cz(9)=A'cz(p)-l "^(P' l)/^ X 0, 
(i^) UpczW=Mcz(p)+i-^-^(P''?) X m{'l,r)/R. 

By definition, the number of elements in the sets (ii), (iii) and (iv), modulo two, 
are the coefficients of r in $(p), x o dh{p) and dh ° x{p)i respectively. The first set 
to(p, r) is empty if p ^ r, and consists only of the constant map when p = r. So, 
the number of elements in m{p,r), modulo two, is equal to the coefficient of r in 
id{p). As the boundary of the one-dimensional manifold J\fx{p, r), the total number 
of these boundary terms is zero, modulo two. Hence, the coefficient of r in ([57]) is 
zero, and x is the desired chain homotopy. □ 

6.7. Completion of the proof of Theorem 15. li For simplicity, we assume that 
the admissible Morse function f on M has a unique local, and hence global, min- 
imum at a point P in M . Since it is the only critical point of / with the smallest 
possible Morse index, P is a cycle in the Morse complex of / and is the only rep- 
resentative of Ho(CM(/), dfi) = ^2. By Proposition 16.31 we then have $(P) = P at 
the level of chains. Hence, for some x G 'P{H) there is a a tuple (a, u, w, (3) in the 
zero-dimensional space A/'(P, x, P; /, H). The pairs (a, u) and (w, /?) each belong to 
moduli spaces with the same asymptotic behavior. In fact, these moduli spaces are 
used in the definition of the Piunikhin-Salanioii-Schwarz maps from |PSS| . where 
their dimensions are computed to be n — iJ,cz{x, u) and ficz{x, V) — n, respectively. 
Since Af{P, x, P; /, H) has dimension zero, the moduli spaces containing (a, u) and 
(w,/3) must also be zero-dimensional and so 

(38) ficzix,u) = ficz{x,^) ^ n. 
The condition that = implies that 

Ah{x,u) = Ah{x,^). 

By Proposition 16. 21 we have 

Ah{x,'w) = AG{r-\x)M-\v)) 

where T~^{v) is a right Floer cap in TZ{T^^{x); Q) and Q is a linear homotopy triple 
of the form {(3{s)G, 0, Js). Inequality ((29)) then implies that 

^//(x,v)>-iii^(g)ir = -iiGii->-iiif||-. 

On the other hand, inequality (|?7|) yields 

AH{x,u)<\\\K{nL)\\\+ = \\H\\ + , 
since Hl is the linear homotopy triple (/3(s)iJ, 0, J^ J and 

||k(Hl)|||+= / b{s)[maxH{t,p)] dsdt^\\H\\ + . 

Altogether, we have 

(39) \\H\\- < Ah{x, V) = Ah{x, u) < \\H\\ + . 

Let w he a genuine spanning disc for x which is obtained by reparameterizing 
the asymptotic spanning disc u. By ([55)1 and we have ^cz{x,w) = n and 

< Ah{x,w) < \\H\\ + , as required. 
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7. Generalizations 

Wc end this note by describing some simple generalizations of Theorem 11.51 To 
begin with, one expects that these rigidity results should hold for more general 
classes of ambient symplectic manifolds. Indeed, one can immediately extend The- 
orem 11.51 to products of convex symplectic manifolds or the more general class of 
split convex manifolds defined in |FS| . 

Theorem 11.51 also holds for more general classes of Lagrangian submanifolds. In 
particular, the methods used here only detect those closed geodesies on a Lagrangian 
submanifold which arc contractible in the ambient symplectic manifold. Hence, the 
theorem also holds for easily displaceable Lagrangian submanifolds of the form 
L = Li X L2, where Li is split hyperbolic and L2 admits a metric which has no 
nonconstant contractible geodesies and is incompressible in the sense that the map 
7ri(L2) — * T^iiM), induced by inclusion, is an injection. 

Combining these observations, we get 

Corollary 7.1. Suppose that the symplectic manifold (A/, oj) is rational, propor- 
tional and either closed or split convex. Let L ~ Li x L2 be an easily displaceable 
Lagrangian submanifold of (M, such that Li is split hyperbolic and L2 is in- 
compressible and admits a metric which has no nonconstant contractible geodesies. 
Then < ^ dim M + 2, and if L is orientable we have Nl < ^ dim M + 1. 
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